Appendix O

The Streaming term in Spherical Geometry

Since the Earth’s atmosphere has the form of a spherical shell, the ra-
diative transfer equation must be cast in a form applicable to spherical
geometry. The components of the streaming term (- V) in spherical
geometry are

Q = cos®sin® e, +sinPsinO e, +cosO e, (0.1)
o n 1 0 n 1 0
T or U9 190, | P rsin@®, 0%,
where
e, = sin®gcos ®g e, + sinOysin g ey + cos O e,
eg = co0sBOgcosPye; + cosOpsin®y e, —sinOg e,
ep = —sin®ge, + cosPpey

and the angles are defined in Fig AO.1.
Taking the dot product of Q and V gives

Q-V = [cos O cos O + sin O sin O cos(Pg — )] %
1 . . 0
—;[cos © sin Oy — sin O cos Op cos(Py — P)] 50,
1sin® 0
_;Sin @0 Sln(¢'0 — @)T% (02)

For practical reasons it is preferable to refer the system of spherical
coordinates to the local zenith direction. Thus we want to map the
intensity from the set of global coordinates (r, ©g, ®y, ©, ®) to the local
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2 The Streaming term in Spherical Geometry
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Fig. AO.1. The geometric setting. Note that in panel b the directional vector Q2
has been parallel shifted to have its starting point at the surface of the earth.
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I(T7®0a¢0a®7@) = I(T,H0,¢0,M,¢) (03)

where

p = cosf=e, Q= cosOcosOp+ sin O sin O cos(Py — @) (0.4)
po = cosby (0.5)
and the local polar (6y,0) and azimuthal angles (4o, ¢) are defined in
Fig. O.1. In view of eqn. O.4 we may rewrite O.2 as
0 1oy 0 1 ou 0

OV =g+ 50,90, T r sin’ O 0, 9%, (0.6)
Since p is a function of both ©y and @,
8 8 o b
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and eqn. O.6 becomes

A a 1 op \2 1 ouN%l 0 10u 0
O.v = 4,2 .12 9 o9 9
Vo= gty l(a(ao) * in? 0 (a«po) o | 700, 90,

1 The global coordinates r, ©®g and ®p denote a point in Rs, whereas © and ® are the coordinates
of a point on the unit sphere S2 = {z,y : 22 + 42 = 1}, and similar for the local coordinates.
Hence both I(r, ©g, ®9, 0, ®) and I(r, po, ¢o, i, ¢) are real-valued functions defined on R3xs2
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Using eqn. O.4 and some relationships from spherical trigonometry

o \? 1 op \?| _ 2
[(89() + sin? 6, (3(I’o> =l (09)
0 . . /
8—(50 = —c0sOsinOg + sin © cos Og cos(Pg — @) = —/1 — p? cos(¢o — @)
(0.10)
0 : : : . .
Ti: = —sin®sinOpsin(®y — D) = —y/1 — p2sinbysin(dg — ¢) (0.11)
9o O(do—¢) _ (b —
20, @y — 0) = cos by sin(¢g — @) (0.12)

we may finally write the streaming term in spherical geometry refer-
enced to the local zenith direction as

0 1—;1,28 \/1—/12\/1—/102 0
Pt ot ; %W‘Wai
Ho . 0
e G il (0.13)

We note that in plane—parallel geometry only the first term in eqn. O.13
is included. For a spherically symmetric atmosphere the second term
must be added. The full expression is, as stated above, valid for an
inhomogeneous spherical shell, i.e. a planetary atmosphere.

AO.1 The streaming term pertinent to calculation of mean
intensities

Quite generally the intensity may be expanded in a Fourier series

I(TJHO’¢O71U’7¢) = Z {Ivcn('rHUOHU') COSm(¢—¢0)
m=0

+ Ifn('ra Ho, 1“‘) Sinm(¢ - ¢0)} : (014)
Combining eqn. O.13 and eqn. O.14 we find
0 1—p? — u2\/1 — po?
L u3+\/1 121 — po
or r Oy T
1= 2 /1 — u2
L Vi-m ;/ 0
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Y {=m I3, (v, po, ) sinm(¢ — o) + m Iy (r, o, i) cos m(¢p — o)} -
m=0

(0.15)
Since we are interested in the mean intensity
2T T
1,0.6) = o [ ddo [ sin6dty I(r,00, 0,6,

4m Jo 0
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= 4_/ d¢0/ dl‘O I(Ta M07¢01(/)1 /1’) (016)
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we average eqn. O.16 over azimuth to get

1V — p2\1 = g OIE(r, po, )

oI§(r, po, 1 — p? 8I§(r, po,
y 5( Mo#)+ pe OI§(r, po, 1)

or r oy + 2 r o
VI =2\ 1= pd g
+ 5 r 1— HQIf('ra P‘Oaﬂ‘)' (017)
0

Note that only the cosine terms ‘survived’ the averaging over azimuth.



